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σ2 ∝ 56=P30HI?b7:3Z?AG Y ′ = Y
σ2 ∝ E(Y ) Y ′ = √Y
σ2 ∝ E(Y )(1− E(Y )) Y ′ = sen−1(√Y )
σ2 ∝ [E(Y )]2 Y ′ = ln Y
σ2 ∝ [E(Y )]3 Y ′ = Y −1/2






















































































































λ = 0, 025.
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Y λ − 1
λY˙ λ−1
, λ 6= 0
Y˙ ln Y , λ = 0
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Y ∼ N(µ, σ2I) w g(µ) = µ 30=PH'R87@/A\ µ = Xβ cfiÉn3Z?AE:=0w Y −Xβ =  w
=P30RSG
 ∼ N(0, σ2I) c>lGflHI?b7	NO=:/K;>7SwÈ/KG65}7:C;>=PH!30=;V=WR0G694=941C30G}7@/flwÈ=PQ HKGygK7Sw°=5}7:H2=t30=:/K;>7:9eo
Q0;5fl7:HK=V-87:/I?A1C5flQ0947:/+R0=PHT;V=R0Gfl9C=PHT941C30G}7:/2GflH+Y:Gfl30G6/A7:9C14}7@R0=PHfi s	Ð!JHb©c
d'H[stÐ5! H{/KGfl-S/KGflH2Gfl3Z?b7@; 7:H2HK14;Q0;>7t5697:H2HKGR0G>;>=R0G694=PHfi38E:=r9C1430Gfl7:/KG6H{Q0GŁ7@L0/A7:3SYPGfl;R01u]
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Yi ∼ fYi(yi), i = 1, ..., n.
|a;>7NOQ030D}E@=Q0G[56=P;FQ0;VGfl3Z?AG[7@HKHK=5fl147Ł7Ł;>o6R017Ł7:=:HJ/KGflY:/KGflH2HK=P/2GflHfio[7Ł5bM87:;>7:R87NOQ030DflE:=R0G





f(yi; θi, φ) = exp{φ[yiθi − b(θi)] + c(yi, φ)},
Gfl;ÀQ0G'?AG6;>=PH+7FGflHK-Gfl/K7:30Dfl7VR87@HXB@7:/K14\¨B:Gfl1CH+R87:R87-=P/
































































= E(Y ) = µ.
,HKG6YPQ01C/flwj;V=PH2?K/A7:;V=PH{Q0G7tB@7:/21Ò:3S5fl17oR87:R07r-<=P/












V ar(Yi) = E(Y
2










yif(yi; θi, φ)dyi + φ
∫ ∞
−∞
y2i f(yi; θi, φ)dyi





= E(Y 2i )− [b′(θi)]2 = V ar(Yi).
Éj;/KG697:DflE:=V´R014HI?A/K1CL0Q01CD}E:=z`1430=P;V17@9<-87@/A7Q0;>7B@7:/21\}BPG69#7:94Gfl7@? ':/K17fi?AGfl;V=PH;9
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b(θ) = n log(1 + eθ) = −n log(1− µ) w











V ar(y) = φ−1 dµ
dθ
= nµ(1− µ) w


































θ = log µ
ONOQ03SD}E:=VR0G!941CYZ7:D}E@=F5}7:3SÏP30145fl7Z©%w
b(θ) = eθ = elog µ = µ
w
b′(θ) = eθ = µ
w
c(y, φ) = − log(y!) w
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L(y; θ, φ) =
n∏
i=1









`(y; θ, φ) = log{L(y; θ, φ)} =
n∑
i=1




























`i = φ[yiθi − b(θi)] + c(yi, φ) e
∂`i
∂θi
















= E(φ[Yi − b′(θi)])2 = φ2V ar(Yi) = φb′′(θi).
lGflHI?b7[NO=P/K;>7
V ar(Yi) = b
′′(θi)/φ
wS=PQ	H2GkgK7Sw 7FNOQ03SD}E:=
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= φ[yi − b′(θi)] , µi = b′(θi) ⇒ ∂`i
∂θi
= φ[yi − µi];
∂µi
∂θi
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14H2M0Gfl/TG6HK-Gfl/K7:R87Sw J cj, G%¬W-0/KG6HKHKE:=R0=[5fl\:9456Q094=1u?AGfl/K7@?A1uBP=¯85fl7:9
β(t+1) = β(t) + [J (t)]−1u(t) ou
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Lofl; =	7^g2Q0HI?AGVR0=	;V=R0Gfl9C=0wQ0;>7ŁR87:Hfi;>G6R014R87@HJGfl;V-0/KG6YZ7:R87:H!oV7NOQ030DflE:=	RSGflH2B1C=0w=:Q £¨¥ ¡:b%c
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`(µ, y) = −1
2
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Yi − µˆi wS=PQ	/2GflH24R0Q0=:H_RSGfi/2GflH2-<=PHI?b7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w#OR0G6¯83S14R87Gfl;  Wc ÇZ©2©%wSGJ=[H214387:9<R0=PHT/2GflHKCR0Q0=PHTHKE:=[=PH+;VGflH2;>=PHTRSGV
Yi − µˆi ©%c
Éj;À/2Gfl97@D}E:={7:=PHX/2GflH24R0Q0=:H+R0=PH+stÐ5! H6w0i°7@Q097Ł :ÑPÑ:­Z©n;V=PH2?K/A7fiQSG'=PHXQ0GGflH2?AE:=;>7:14Hn-0/0'¨¬W1]
;V=PHTR8730=P/2;7:9C14R87@R0G'HAE@=V=:H_/2GflH24R0Q0=:H_-07:R0/K=:3014fl7:R0=PHTR87£¨¥ ¡:b%c
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L(β) ∼= L(βˆ) + L′(βˆ)(β − βˆ) + 1
2









2{L(β)− L(βˆ)} ∼= (β − βˆ)′L′′(βˆ)(β − βˆ).
mS7:LGfl;V=PH-<=P/T Wc ±P©²Q0GT=aB:7@94=P/GflHK-Gfl/K7:R0=JR0G −L′′(βˆ) 56=P/K/2GflHK-=P30RSGU´;7¦?A/K1C`RSGT143SNO=P/2;7@D}E:=_R0G
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, L87@30R87>RSG{5fl=:3S¯ 7:30Dfl7R0G{ÆZ± R0=Y:/A\@¯856=R0=>Gfl3ZBPG694=P-G{o)5}7:9C5flQ0947:R87[=P/KRSGfl387:3SR0=@]yH2G{=PHa/KG]
HKCR0Q0=PHR87HK1C;FQ097@D}E:=0w Q0G-=WRSGFHKG6/flw-=P/G¬WGfl;V-094=0w<R0G5flG6;ª;V=R0Gfl9C=PHflw<Q0HA7:3SR0=7R014HI?A/214L0Q01CD}E:=
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g(t) = g(θ) + (t− θ)g′(θ) + (t− θ)2g′′(θ∗)/2
= g(θ) + (t− θ)g′(θ) + Op(|t− θ|2).
P  
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g(Tn) = g(θ) + (Tn − θ)g′(θ) + (Tn − θ)2g′′(θ∗)/2








n(Tn − θ)g′(θ) +
√
nOp(|Tn − θ|2).






P (|Tn − θ| ≤ N) = 1.



























c lG6HKHA7 NO=:/K;>7SwX-=WRSGfl;V=PH>56=P30HI?A/KQS14/V=PH>1C3Z?AGfl/IB@7:94=PHVR0G	5fl=P3S¯87:30D}7 G	/2G}7:9C14}7@/
?AG6H2?KGflHhQ0HA7:3SR0={=!/KG6HKQ09u?b7:RS=)Q0G
√
n(g(Tn)−g(θ))/σ(Tn)|g′(Tn)| ?KGfl; R01CH2?A/214L0QS14D}E@=J7:HKH2143Z? '@?A145fl7
30=P/2;7@9-87:R0/KE:=0chd'QHKGygK7Sw





















g(t1, ..., tN )
HKGygK7:;














    <  ffff 
&fl :
√





















ln λ = β0 + β1X1 + β2X2.





























 V ar(βˆ0) Cov(βˆ0, βˆ1) Cov(βˆ0, βˆ2)Cov(βˆ0, βˆ1) V ar(βˆ1) Cov(βˆ1, βˆ2)
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(u, u + v]
I>*9N8T@© T2AI




































n = (n11, n12, n21, n22)
′
@
µ = (µ11, µ12, µ21, µ22)
′
I`:*96
nij ∈ N0 @ µij ∈ R+ I
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no*9476y2fi25,dDL@<4TC32HDT.1VH2#'
H0 : µij =
µi.µ.j
µ..




























































i,j θij = 1
]UºV9@<DT*94;25,1@Q2HDT|94T.1*
X = (X11, X12, X21, X22)
DLk<6b0>.187DL47./M>NA./OQPH*RN>,1DT./C>*56./25,







































θ(i)j = P (X2 = j|X1 = i)
]







n11 n12 . . . n1r N1
87N>Max©S*9S>NA,j25OP5*
n21 n22 . . . n2r N2
Á*5DL25,
n.1 n.2 . . . n.r N1 + N2





















































µij = µ.. e
P ((Y11, Y12, ..., Yrs) = (a11, a12, ..., ars)|
∑
Yij = n) =







 &&$ &ffi/ffi %  &  ffi#ffi ffi 	  ff  ffi#ffffi %  1
0>@tDL25,no*54T62Uz{N>@s@8cDF256"*98'87N 7@.dDL*98+¼?47@8cDL4T.1OQP5*
ars = n− a11 − a12 − ...− aij − ...− ars :*96
i = 1, ..., r
@
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03250A*98`zvNA@(6"./8cDLN>47@6@87DT@8g0>*9.18+S>4T*9MA,/@6258+:<,jw5878T./:<*98]
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V ar(Z) = µ/φ
]J)e8T87./6I
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
JzvNA@§DL@<6*98l2(VH2547.55CA:.j2;625./*94J0A*?z{N>@t2(6Y x








@G92HDL.dV52aI>25S32H4T@:<@6f@<6 2`,1@878U¡Â 1/  
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Â9]2fi6"Y0>./2Z0>2fiVH2547.jwQV9@<,ffiYsnoN>C>OQPH*"0A*98`S3254H6@DL4T*58+0>*Z6*v0>@,1*fi,/.1C>@Q254<I .] @H] '
E(Y ) = µ(β)
.
a]2?VH254T.15C>:<.j2?032?VH254T./wQV9@,ffiYsnoN>CAOQP5*Z032Z6Y<0>.j2 '






































































































































































































(y − µ) ∂µ
∂βi





















































































































































































































= y ln(µ)− µ− y ln(y) + y
∝ y ln(µ)− µ.
r
PH*½8TP5*½DT*a032H8R2H8noN>CAOv@80>@ z{N32H8T@xV9@<4T*9878T./6"./,1u325C>O2¿z{N>@ :*9474T@<8TS*9C>0>@<6 2½0>.187DL47./M>NA./Ov@8
:*5C>u>@:<./032H8]l_a@sDL.dV9@476*58+N>6y2?noN>CAOQP5*Z0>@;VH254T.15C>:./2U03250>2ZS*94























(2y − 1) ln(t)− y
t
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*9N 8T.16SA,/@876@<CEDL@BS*94fiz{N>@$* 2HG9@CEDL@$:25N>8L2H0>*94Z032ª0>*a@<C>OQ2-C3PH* 47@:25./N 8T*5M>4T@25z{N>@<,j2-S>,j2HC{DL2
©X@<4T*"256"*987DT4L25,c]
¦
N325C>0>*Wu3wWNA6 C)A6@<4T*U@ }a:@878T.dV9*?0>@eX@<4T*98<IA2;8T*9,1N>OQPH*U625./8 no47@z>@CEDT@§Ye2W0>@g@8cDL./625476*98













P [Y = y] =

p + (1− p)e−λ, se y = 0,
(1− p)e−λ λy
y!






yP [Y = y] =
∞∑
y=1






















y2P [Y = y] =
∞∑
y=1















































= (1− p)(λ2 + λ).
3§@sDF2H,^no*94T62?z{N>@
V ar(Y ) = E(Y 2)− (E(Y ))2 = (1− p)(λ2 + λ)− ((1− p)λ)2


















h256"*9825S>4T@<8T@<C{DL254*98R6"*v0>@,1*98  ,¡[~:*56*¿0>@87:47.1DL*58S*94 256?M@4cD»¡Â 1/ E5]~_a@¡ T256 258
VH254T./wQV9@.18`25,/@2HDL|54T.j2H8m./CA0>@S@C>0A@CEDL@<8
Y = (Y1, Y2, ..., Yn)
:*56
Yi = 0 com probabilidade pi e
Yi ∼ Poisson(λi) com probabilidade 1− pi.
)§,1Y60>./878T*>Iºt8`S325456@DL47*98
λ = (λ1, λ2, ..., λn)
@
p = (p1, p2, ..., pn)
8T2HDL.187np25X<@6











































































] Á@6"*98 S*94 @ }a@6"S>,/*s2gnoN>C>OQPH*t,/*9Gx©,/*5G/'
log(− log(pi)) = τXiβ,
log(− log(pi)) = τ log(λi),




log(− log(1− pi) = −τXiβ = −τ log(λi),
− log(1− pi) = λ−τi ,
1− pi = e−λ−τi ou
















































τ > 0 λi →∞ pi → 0 pi → 0 pi → 0
τ →∞ λi A}a* pi → 0 pi → 0 pi → 0
τ → −∞ pi → 1 pi → 1 pi → 1
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`(y; β, γ) = log
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1− pi = e
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`(yi; p, β) = log
{∏
yi=0





















































































































































































































y=1 ny = n− n0
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−λ − 1) + (n− n0)(1− q + qe−λ) = 0








q − qe−λ = n− n0
n












= n− n0 − nq.
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n− n0 − nq − (n− n0) + ny¯
λ


































C>*s:258T*;0>*98 6*v0>@,1*98 ,1./C>@254T@<8 C>*9476y2H./8@+6*v0>@,/256N>62enoN>C>OP5*
032¨6"Y0>./20>@
Y


















R: 0mNA,/,/*5G9uy@§_a@Q2H4T,/@UH9AÂ  S>47*9Siv@6 NA6y2 cw54cV9*947@e0A@§0>@<:./8TP5*gS32H4L2;0>@:<./0>.14l87@§N>6 @no@.1DT*
0>@V9@(8T@4g:*5C>8T.10>@4T250>*":*96"*fiA}a**9NR25,1@Q2HDT|94T.1*>]_a@sno*94+4T25X*EwQV5@,258T87N>6"./4+z{N>@(*98`C>q1V5@./8`0>@;N>6













    ffffi $& 
   &ffi   ffi  ffi
B  "!B+Ł<Wb ^ffW <B`;fl\`
0m*9C>87./0>@<4T@;*"6*v0>@,1*?0>@;@<no@<.1DT*98'A}a*98e250>./:<./*9C>250>*?0>@(@<no@<.1DT*98`25,/@2HDL|54T./*58Iv./87DT*ZY5I



















E[Y] = E{E[Y|u]} = E{Xβ + Zu} = Xβ,
V ar[Y] = V ar{E[Y|u]}+ E{V ar[Y|u]}
= V ar[Xβ + Zu] + E[R]
= ZV ar[u]Z′ + R
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Yi|u ∼ fYi|u(yi|u), i = 1, ..., n, onde











E[Yi|u] = µi ]
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E[Yi] = exp{x′iβ} exp{
σ2u
2












Yit|ui ∼ Poisson(µit) ]  87DF2H6*98C>*984T@no@47./C>0>*¼¿*5M>8T@<47VH25OQPH* t C>*½G94TNASi* i
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t = 1, ..., n
@
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V ar[Yit] = E[V ar[Yit|u]] + V ar[E[Yit|u]]
= E[exp{x′itβ + z′iu}] + V ar[exp{x′itβ + z′iu}]
= E[exp{x′itβ + z′iu}] + E[[exp{x′itβ + z′iu}]2]− [E[exp{x′itβ + z′iu}]]2
= exp{−x′itβ}Mu(zi)) + exp{2x′itβ}(Mu(2zi)− (Mu(zi))2.
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t 6= s I
Cov(Yit, Yis) = E[Cov(Yit, Yis|ui)] + Cov[E(Yit|ui), E(Yis|ui)]
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ocup, fumo 41, 4
ÂQAÂ9I 1




fumo, idade 10, 3

5AI  
ocup, fumo, idade 6, 1
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D(ocup|fumo, idade) = D(fumo, idade)−D(ocup, fumo, idade) =
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= x′iβ ou log(E(Yi)) = x
′
iβ + log(ni).
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V (µ) = µ2
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̂P (Y = 0)nt = (pˆ + (1− pˆ)e−λˆt)nt e
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deviance/g.l. = 93, 5077/98 = 0, 9542.
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log(λˆit) = βˆ0 + βˆ1x1it .
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log(λˆit) = 1, 0372 e pˆ = 0, 9033.
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log(λˆit) = βˆ0 e νˆ.
























log(λˆit) = −1, 0433 e νˆ = 15, 3578.
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λˆ = eβˆ0 = 0, 3523.
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2 = 0, 5728.
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Machos − Valores Observados x Poisson










Machos − Valores Observados x Binomial Negativa
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Femeas − Valores Observados x Poisson












Femeas − Valores Observados x Binomial Negativa












Femeas − Valores Observados x Modelo Efeitos Aleatorios
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